where tp, is the mean of the prototype delay distribution g(¢)

tp = j;m tg(t)dt (13)

and 7@ is the average number of hops executed by fluid ele-
ments:

N — id
(—-ﬁ;ﬁ—)—e_ah(N_n) (14)

F=(1+ ah) S nah)
n=0

Other methods of dealing with the end conditions are possible
once specific assumptions have been made concerning the way in
which fluid elements leave (and enter) the test section; that given
here is simple and suitable for many practical purposes.

A considerable attraction of the time delay concept in residence
time distribution modeling lies in the ease with which the postu-
lated underlying mechanisms can be modified to suit individual
circumstances without in any way destroying the extreme sim-
plicity of the analysis; in this respect at least it compares very fa-
vorably with other commonly used abstractions of the flow-mixing
process. This inherent flexibility is highlighted once again in the
above derivation of the general hopping model; just as for the
original time delay description, Eq. 9 respresents a family of models
individually defined by their delay distribution g(t). It has been
used (Rathor, 1969) with the exponential delay distribution

1
g(t) = e~/'p 15)
D
tn-—le-—t/tD
enlt) = (16)

to describe flow in trickle beds, where it is shown that, with hopping
distances of the same order as observed liquid rivulets (h =3 to 5
cm), significant improvements over the corresponding time delay
model response can be obtained.

NOTATION

f(t) = residence time distribution, s~}

f*(t) = defined by Eq. 6, 5!

g(t) = prototype delay distribution, s~!

gn(t) = n-fold convolution of g(¢), s~!

h = hopping distance, m

= index, number of delays or hops

= average number of hops

N = maximum possible number of hops

pn(x) = probability of n delays, or hops, occurring in distance

n
n

x
P = probability, defined by Eq. 7
t = time, s
to = maximum main path transit time, s
ton = main path transit time for elements that make n hops,

s
mean residence time, s

tp = mean delay time, s

u(t) = unitstep function:t <0, u=0,2=20,u =1
x = distance, m

A
]

Greek Letters

@ = defined in discussion above Eq. 1, m™!
0 = normalized time
&(0) = normalized residence time distribution
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The Behavior of a Hybrid Fixed-Point Method in a Chemical Process

Design Environment

INTRODUCTION

In a recent paper, Lucia and Macchietto (1983) suggested the
use of a hybrid fixed-point method for solving equation-oriented
process design problems. This hybrid method, which makes com-
bined use of Newton's method and the Schubert (1970) update, was
subsequently applied to condenser design problems modeled by

Correspondence concerning this paper should be addressed to A. Lucia
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simultaneous heat and mass transfer by Taylor et al. (1983), to flash
and distillation calculations by Westman et al: (1984), and to
multistage, multicomponent separation problems by Lucia and
Westman (1984). All of the numerical evidence gathered so far
indicates that the hybrid method is both computationally efficient
and robust. That is, it has displayed the robustness of Newton’s
method while, at the same time, has generally used significantly
fewer rigorous physical physical properties calculations. Moreover,
the hybrid method has been shown to be both more robust and
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more efficient than Schubert’s original method.

From the outset, we have been overwhelmingly surprised by the
good numerical performance of the hybrid method and, quite
naturally, have wondered why this is so. After all, if the hybrid
method uses a modification of the Schubert update and Schubert’s
method can perform rather poorly, then why should the hybrid
approach give consistently good numerical results? Is it solely be-
cause we are making use of some analytical first partial derivative
information? Or can it have something to do with the natural
scaling of the variables, since it is well known that Schubert’s
original method is pot invariant with respect to general affine
transformations of the variables? In this note we shed some light
on these very basic questions. Most importantly, we give some
plausible arguments that we feel suggest that the natural scale of

i (aKl) (DKI)

Xy {— Xy i—

oxy bxz

9K oK,

A = _ —
¢ xz(axl) xz(axzj

. (aK,,c) . (OK,,E
e bxl ne bxz

0 0

b

the variables in chemical process design problems can have a very
definite impact on the numerical performance of the hybrid
method. We illustrate the effects of scaling by using two different
implementations of the hybrid approach to solve a set of dew-point
problems for a ternary mixture with nonideal thermodynamics.

THE HYBRID APPROACH

In short, the principal idea behind the hybrid approach is a
simple one. If x denotes a vector of unknown process variables and
if f denotes a vector function of model equations, then iterative
approximations, say By, to the Jacobian matrix J(x) are defined by
the rule

B =Cr + Ax (1)

where k is an iteration number. The matrix C; = C(x) is called
the computed part of the Jacobian and consists of all of the first
partial derivative information that is readily available in analytical
form. A, on the other hand, is called the approximated part,
contains any derivative information that is either unavailable in
analytical form or expensive to calculate, and is built by the fol-
lowing straightforward modification of the Schubert update:

L T T
A1 = A + lgl (s{s)*teily — Cryrs — Axsles; 2)

where s = xk41— xx = ~BiH(xt), y = f(xk4 1) — £(x¢); s is the
vector formed from s such that it has zeros in every position that
the ith row of A does; and + and T denote the generalized inverse
and transposition, respectively.

For example, for a simple dew-point calculation, we have

Kixy =y, =0 i=12,..,n

(3)

and

¥r-1=0 ()
i=1

Accordingly, the computed and true approximated parts of the
Jacobian matrix are
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assuming that the liquid and vapor phases are nonideal.

SOME PRELIMINARY NUMERICAL ANALYSIS

For the purpose of illustration, we consider two different im-
plementations of the hybrid method, one in which Ay has the
structure and functionality defined by Eq. 6 and a second imple-
mentation in which A; contains only the K value-composition
derivatives. Note that the first implementation is in fact more
rigorous than the second, in a thermodynamic sense. For conve-
nience, we denote these two implementations of the hybrid method
with 9T and without 97T, respectively.

Table 1 shows results for a set of ten dew-point calculations for
the ternary mixture of acetone, acetonitrile, and water at 1 X 10°
pascals. We solved each of the ten problems in the set by both im-
plementations of the hybrid method as well as with a partial
Newton method (ie., Ax = 0 for each k), Schubert’s original
method, and Newton’s method with A calculated by finite dif-
ferences to an accuracy of ||f ||z < 1075, Moreover, for each prob-
lem we generated a random, normalized vapor composition, set

TABLE 1. RESULTS FOR DEW-POINT TEMPERATURE CALCULATIONS
Iterations
Hybrid Hybrid f.d
Problem pNewton  Schubert woT wout 3T Newton
1 41 24(20) 14(F) 8(7) 5
2 17 F(37) 12(F) 10(8) 5
3 40 28(29) 20(23) 8(7) 5
4 19 9(9) 10(9) 7(5) 4
5 9 8(6) 7(5) 5(5) 3
[} 21 19(27) 23(13) 8(6) 5
7 12 31(F) 20(15) 7(6) 4
8 5 6(6) 5(4) 4(4) 4
9 38 23(31) 13(16) w7 5
10 40 16(15) 10(8) 7(6) 4
F = failure.
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Figure 1. Rteration history for the changes in temperature and acetonitrile composition for example 3.

% =y,i=12...,n and To = 350 K. Finally, for Schubert’s
method and each of the two implementations of the hybrid
method, we investigated both Bg = C(xo) and By = J(xo). The
numbers in parentheses are those for By = J(x).

While there are many interesting aspects of the results shown
in the table, we wish to concentrate on only two, the effects of both
using readily available analytical derivative information and the
scaling of the variables. First, the difference between the results
for Schubert’s method and those for the hybrid method with Ay
defined by Eq. 6 shows that, in general, a fair amount of the good
numerical performance of the hybrid method can be attributed
to the use of readily available analytical derivative information.
However, it does not explain all of the good behavior. Like Schu-
bert’s original method, the first implementation of the hybrid
method exhibits what we call erratic behavior. Sometimes it does
well; other times it does not.

This, quite naturally, brings us to the second point of interest,
the effects of the scaling of the variables. As we said, the first im-
plementation of the hybrid method (i.e., hybrid with dT) exhibits
erratic behavior. The second (i.e., hybrid without @T), on the other
hand, behaves much like the finite-difference Newton method,
displaying a very small variance in the number of iterations re-
quired to converge to the desired accuracy. That we believe the
deterioration in the performance of the first implementation is
caused by the inherent poor scaling between temperature and
composition stems from the following observations. For problems
in which the hybrid method with 9T does relatively poorly and
in which it appears that the K value-composition derivatives are
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important for good numerical behavior, say for example, problem
3, we usually observe large steps in temperature in comparison to
steps in composition during the early iterations. Because temper-
ature and composition are coupled with regard to the quasi-Newton
update, the net effect of these large steps in temperature is a
masking of any K value-composition derivatives. In essence, we
get little or no composition derivative information. After a few
iterations, the temperature steps reach a point in which they are
perhaps comparable to or only slightly larger than those for com-
position. However, at this point the temperature derivatives in A
usually become distorted (i.e., several orders of magnitude too large
and in some cases the wrong sign) and this distortion often causes
subsequent iterative changes in both temperature and composition
to behave erratically even if good composition derivative infor-
mation is being gathered. Thus, the masking of composition de-
rivatives and the distortion of the temperature derivatives, which
are both manifestations of the sensitivity of the modified Schubert
update to the natural scaling of the variables and which occur in
series, can cause slow and erratic convergence, respectively. That
is, many iterations can be required for solution and sometimes
failure can occur.

In contrast, the second implementation (i.e., hybrid without 3T)
is, by design, void of any temperature-composition interactions
with regard to the update. Consequently, we observe no masking
of the composition derivative information and no distortion of any
temperature derivatives. We simply let A pick up the K value-
composition derivatives and let the temperature derivatives be
approximated by the pure component fugacity-temperature de-

February, 1985 Page 331



rivatives. This, we feel, is usually the better implementation.

Actually, the analysis is somewhat more complicated than this
because the approximated part generated by either version of the
hybrid method will not converge to the true approximated part of
the Jacobian matrix, say A*. This is due to the fact that the null
space of the corrections to the approximated part always contains
the vector v = 1/v/n, (1,1,...,1,0)T as a consequence of the
summation equation. Let M be the one-dimensional manifold
generated by the vector v, which here is of length n, + 1. Because
v is always in the null space of the corrections to the approximated
part, it follows that initial derivative information in A restricted
to M remains unchanged throughout the calculations. The only
derivative information that is gathered is that in the orthogonal
complement of M, say M 1.

Since the sequence {A;} generated by the modified Schubert
update does not converge to A*, it is therefore difficult to determine
whether or not A is accumulating good derivative information by
simply viewing the terms in the sequence and comparing them to
the true approximated part. Instead, because of the remarks con-
cerning the natural null space of the corrections to A, we must
compare the projections of A and A* onto M L.

An alternate procedure to determine whether or not A is accu-
mulating good derivative information is to compute the corre-
sponding Newton step, sV, at each iterate of the solution trajectory
for the hybrid method and compare it with the hybrid step s. If we
are getting good derivative information, then the components of
s should converge to those of s¥ in both magnitude and direction.
The results of such a comparison for the temperature and aceto-
nitrile composition components ot the Newton and hybrid steps
are plotted in Figure 1. Note that for the hybrid method with 0T
we see a good tracking of the temperature component of the
Newton step on iterations 4 through 6. However, up to this point
we also observe a masking of the composition derivative infor-
mation that is characterized by the erratic tracking of the aceto-
nitrile component of the Newton step. The other compositions
behave in a similar manner. Good composition derivatives have
not been gathered because the steps in temperature have been ei-
ther markedly or slightly dominant. At this point, the temperature
distortion begins to take effect, the change in temperature starts
to drift away from that of Newton’s method, and we continue to
see a rather erratic tracking of composition until iteration 11. In
fact, on iteration 9 the hybrid and Newton steps in temperature
are in opposite directions. Interestingly enough the step in tem-
perature remains small from iteration 11 until convergence is
reached. However, it remains comparable in magnitude to the steps
in composition and, as a result, the distortion of the temperature
derivatives never completely disappears. Thus, this first imple-
mentation of the hybrid method takes another nine iterations to
reach the desired accuracy.

In contrast, for the implementation of the hybrid method
without 3T in A, we observe good tracking of the temperature
component of the Newton step after three iterations and a good
tracking of the composition after five iterations, and, of course, no
instability.

Finally, we remark that we have solved many types of small
problems (i.e., dew-point, single-stage, and multistage-linked flash
problems) involving several different multicomponent systems and
have observed exactly the same behavior that we are reporting
here. Thus, we believe that we are correct in identifying the scaling
of the variables as an important factor in the behavior of the hybrid
method on design problems. However, in some ways our analysis
generates more questions than it answers. For example, what does
the sequence | A} converge to? Does our analysis carry back to
Schubert’s original method, and does it generalize to other variable
interactions (e.g., flow rates and compositions)? Will automatic
scaling of the variables eliminate the bad behavior that we report
here? And are the same effects of scaling present in large problems?
These are questions that we are in the process of answering.
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NOTATION
A = approximated part of the Jacobian matrix
B = approximation to the Jacobian
= computed part of the Jacobian matrix

e; = jth unit vector
£f(x) = vector of function values, evaluated at x

D = standard state fugacity of the ith component
J1J(x} = Jacobian matrix of f, evaluated at x
K = equilibrium or distribution ratio
M = null space associated with the summation equation
n,n, = dimension of problem, number of components in

multicomponent mixture

8,5;,sY = iterative change in the unknown variables, with sparsity
pattern matching the ith row of approximated part of
Jacobian, Newton step

T = temperature

v = vector defining the null space of the quasi-Newton
corrections to the approximated part

X,X; = vector of unknown variables, composition of the ith
component in the liquid phase

Y.Vi = change in function values from one iteration to the next,

ith component vapor mole fraction

Greek Letters

¥ = activity coefficient
¢ = fugacity coefficient
Subscripts

i = component index

k = iteration counter

Superscripts

T = transpose

+ = generalized inverse

0 = standard state

L = orthogonal complement
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